1. LNTROINCTION
In a peper entitled nirithmetic in & One's-Complement Computer"

P. Billingsley gives some sufficient conditions in order that a One's-
complement computer produce the correct® quotient and correct non-
negative remainder. We shall prove that if his conditions are slightly
sharpened they are necessary and sufficient. Alao we shall prove &
conjecture of Campaigne and Gingerich on a neccssary and sufficient
oondition for correct divislon.

s  See éondition D, paragraph 4 below,

3. THE ALGORITHM
Using the notation of Billingsley tho algorthm for division

follows:
content
QR is cleared
YR contains divisor X
- AC contains dividend A
Algorithm
1. Case I: If B4n = 0, go to step 2.. s

Case 1I: 1If 849 = 1, absolute subtract XR into AC,

[ 2. Shift AC 24 places, (All ehifts are from right to left.,
3, Do 24 times: -

a. Shift A" one placo,
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b, If 8,y = Xés, subtract XR into AC and insert

1 in qp.
1f 8oy # Xés, add XR 1into AC,

c. Shift QR. ono place.
ntormediate con 8
QR conteins q = Qpg App oo 9
X3 contains divisor X
AC contains preliminary remainder T.
4, Do onc of thc following:
a. If 8y, =1, if Caso I: 4bsolute sdd IR into

AC, rcplace qg by 923

b, If ay, = 1, if Caso II: Absolutc add XR into AC,
c. If apy= 0, if Case I: No action.
d, If apy =0, if Case II: Replace 4qp by 423

Fina] contonts
QR contains quotient .

XR contains divisor X
AC contains rcmainder R

Observe that in 24 réﬁitions of stcp 3b of the algorthm we suc-

cossivoly and irn this order detormine dg, 423. 22 -c» Q. We

can therefore immediatcly statc

LEMMA 1

If A and X arc of samc sign qg = 1 and if A and X arc

of oppositc sign qg = O.
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An oxamination of stop 4 roveals that Qo 1s not modifiod,

Thorcforc wo can immodiatoly stato
LEM{iA 2

qQ and Q arc of samc sign,

3. CONCEFTUAL :ODIFICATION OF THE ALGORITHM

In division by hand it is not customary to shift tho dividond
and successivc rcmaindcrs as is donc in stcps 3 of thc machinc algo-
rithn., Instcad succcssively dcercosing powers of two times the divisor
aré addcd to or subtracted from successivc rcomainders. Howover, this
distinction is only concoptual and we shall throughout thise papor troat
thc machinc algorithm as though it takcs place in the latter manner,

As an cxample conslder an eight digit AC eand four diglt QR

and XR, Then with X = 0101, A = 00100001 the machine algorithm

produces
AC 00100001 QR 0000 XR 0101
AlL4 00010010
ALl 00100100 0001
- X Q0000101
00011111 0010
ALl 00111110 0010
+ X -11111010
01000011 0100 s
/
ALl 10000110 0101
- X 00000101
10000001 1010
ALl 00000011 1011
- X 00000101
11111101 . 0111

1
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0111 2 0110

11111101 R 00000011

Tho underlincd digits are tho ones comparod with x# to

dcternine

9. 93. 92 and q).

Dividing by tho sccond mcthod wc have

1011
0101 ' Q0100001

q

1"

Tr =

-0101 .

11111000

+ 0101

00001101 .
- 0101

00000011
- 0101

11111101

0111 1 0110

"

00000011

i

11111101 R

The underlined digits arc again thosc which are comparod and

the rcepectivo successive rcmainders in the two divisions arc slides

of ocach other.

4. CORR=SCT DIVISION

We shall now stato our dcfinition of corrocct machinc division

as follows:

DEFINITION

‘The division algorithn is "corrcet™ if

(1) 4 = W+

(11) ja) ¢ 2% -1

(141) 0= R =< |X|

4
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LEMA 3

Division ié not corroct if 9 = Qo3

PROOF
L If 9y = 9pg» thon by Lommas 1 and 2 Q is negntive if A and
X arc of opposito sign. But this contradicts (1) s (111) of
the definition unlcss 4=0 or 3=0. But Billingslouy showed
L7 7 o3 jf A =0, It only ropains to conslder Q= 0, le., -
A - R and thorofore b7 (111) AD>O, A< IXi. If X0

division proccods as follows:

A28 x:=-1 | )

Tus g =1 and 7< 0 with (7)< (2% _ 1) x < (22 - 1)2<#,
Merefore the two loft hand digits of r, are one's and Qo3 = 0

and Qg # %° The rosult for X >0 follows by complaments.

5, THE FUNDAVGNTAL THEORZH
Billingsley proved the following:
o 1
A sufficicnt condition that o one's—-comploncnt couputor perform

corroct division is; .

il



Division in a One's-Complement Computer

CASE o, [agy = O)
a-228 Ix\<o

casg® ey, = 13
A- xi+2®1x1>0

Wo shall aesumc tho rosults of Theoren 1 and prove
ZORRM 2~
A neccssary and sufficiont condition that a onc's—complecnont

computer porforn corrcct division is;
=
casE & [ag = O]
A-228lx1<co
7 \3 - - ; -
a3 fag=1 (- Xy =1
A- Ixl +22 x| >0
e 4

st ¥ fagm =1, (A= 1X| )y =°?1

- 1-0
OF ICI
CASE 4
Yollows from Theoorcn 1.
casg (%

Yollows fron Theorcn 1 unloss

a- 1zl +2® x| =0

But thon division procoode as follows if X > O:

-6‘

P
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010 ...0
x la- ixy |
+ 2% | x|

A- ixt 422 | x] -0
- 222 | x|

- 232 ’X‘
+ 221 x|

222 x| +22 |x| +...4 %] =~ 1 x]

Tho discussion of nagnitudes of succcssive romainders which
justifics all additions aftcr tho sccond stop is trivial and will de
omitted, Then Q=10 ...0 and r =~ |X|. Step 4b ioplies
=-4a-=- 223 _ 1 and R - O which is correct.

The result for X< 0 follows by complcnents,

Ca:-ﬂ
- Since the condition is never satisfied there is nothing

to prove,

PROOF QP NZCESSITY
We shall disregerd the case X = O since in thot case the

conditions of Theorom 2 are never satisfled and division is never

corrcct,

CAST O
Agsunc that division is correct. Then

lal < (223 - 1) | x|l +r<(2®-1) lx| + |} =
= 223 l I‘

-7~ 2/
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To prove that correct divieion irmplics
4- §xl +22 | x| = 0, wo shall assume 4 - 1X 4 220 \X\<O
and prove that division ie incorrect. Thon division proceeds as

follows for X >0:

0"
X A~ X )
+ 223 1 x .

A-1x) +22 1x\:-1ny

H;n-e qO:‘l end r,< O by hypothosis, If |r | < 2%,

Qs = O and by Loma’amouvmgn is incorroct, If \q‘\é_z‘“,

el 2% 2R x| - .- x| 228 - @Rl (x| >
2245-(233-1)3=234-1='z(233-1)+1>z\x\,

and R > [X| which is incorrect for division by dofinition.

If X4 0 the result follows by complements.

-This casc is poculiar to machine subtraction which

takos A< O and produces A~ | X\ > 0. But this can happen

only if A is a machinc mmber with 840 = 1l and s“ and

"soveral® consocutivo digits = O, in othor words, {f |A| is
vory largoe., Moro procieely if A< O and A- | X| >0,
thon -A+ | X| 2 247 ema 22297 _ 2241, Bt it
A-QX+ R with |Q], |X] and R all lcss then 2%,

then

-A_<,(233'-1)2+(é35-1);245-am

vhich is a contradiction.

8- 5/
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6. CAMPAY =

Campaigne conjecturod condition (.f) and later Gingerich con-
Jecturod conditions ‘( ) and () and indicatod a particl proof of
THEQRRI! 3§

Nocessary and sufficient conditions that a onc's-complonent con-

puter porform corroct division arc that

(v) g # g5, ond
(6) 223131\' 346 whore Rl is t.ho contcnts of AC

after thc first of tho 24 steps of
3b in tho algorithn,
NOTE, If wo think of thc dividend as stationary and the successive

additions and subtractions of powcrs of two times X to A

as in paragraph 4, thon condition () is t'hat after qq

and beforo P haveo beon dotcrnined, the ronaindor r

satisficse

e
!1'1‘ < 2
PROQF OF SUFFICLEICY , ~-
Wo shall givo a proof by contradistion. That is we shall assuno

corrcct division is not porfornmod and shall first show that (f) or

»

(G') 1s contradicted 1f X # O,

CASE fag = 0
. %‘2’1“—
Agsuric X > 0. Tho proof for X< O follows by complonents.

Lo, -9 -

“~)

&
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Since division is inocorrect, dy Thooran 1

Then division procceods as follows:

A

x A
223 1 x!

A-22 X121, 0

Thon the loft digit of ry = 0 and tho next digit is

zoro if and only if fl,‘r?“- and thon q23=1:q0

contradicting (J).
cask B (e =1, (41X )y 1l
Thc proof 1s sinilar to that for case .. with A;
A>2223 X and ry -A- 323 X replaced rospectively

by A- X}, A-|X| +2B1X1< 0 and
r1=\A- sx,l-+é231xl.
Uy fagp=1, (A- X))y, =0]
\

If A<O ond A- |X| >0, 2%« 4 - |x|.

Hence

psh-lxl - x|z A -Bxys
247 2223 (223 . 1) - 296 41> 246, and (g)

A%

does not hold,
If X=0,0%qy = a,, -1 (m4 2), OSqm;a“-l (pod 2)

and r) = A Then if &, = ay, Qo= Qyy and () does not hold,

and 1f a4, f a4, |41 246 ang (G) does not hold.

UM
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PROOF OF IIECESSIZI

We shall prove that if division is performed correctly conditions
(¢) and (5) hold, But condition (.”) holds by Lemna 3,

CASE .t

Assume correct diviseion and not condition (( ). L.e.,
arl‘ _>. 2“.
Thenlr‘}_ 246"222‘X\".oo- lx\

22% (2P0 x> 2% - (223 )2

>2(228-1)¢12 21x| 51,

IR} > 1X\| and () bolds,
GASE

The proof is identical with Case (-/)

CASE V.

Jo proof is needed since division is pever correct.

COROLLARY )
1f 420,
(1) 12 A< 2 x| aivicion s correct,

(11) 12 2% x| € A< 22 |x| + 2%, () fatle and (G) holds,

(111) 12 42 28|31 4+ 2%, () nolds and (&) fatla,

R, A, Leibdler,
July 15, 1949,
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